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Introduction to Orthogonal Functions and Eigenfunction Expansions
Goal of these notes

Function sets can form vector spaces and the notions of vectors and matrix operations —
orthogonality, basis sets, eigenvalues, can be carried over into analysis of functions that are
important in engineering applications. (In dealing with functions we have eigenfunctions in place
of eigenvectors.) These notes link the previous notes on vector spaces to the application to
functions.

The eigenfunctions with which we will be dealing are solutions to differential equations.
Differential equations, both ordinary and partial differential equations, are an important part of
engineering analysis and play a major role in engineering analysis courses. We will begin with a
brief review of ordinary differential equations. We will then discuss power series solutions to
differential equations and apply this technique to Bessel’s differential equation. The series
solutions to this equation, known as Bessel functions, usually occur in cylindrical geometries in
the solution to the same problems that produce sines and cosines in rectangular geometries.

We will see that Bessel functions, like sines and cosines, form a complete set so that any function
can be represented as an infinite series of these functions. We will discuss the Sturm-Loiuville
equation, which is a general approach to eigenfunction expansions, and show that sines, cosines,
and Bessel functions are special examples of functions that satisfy the Sturm-Liouville equation.

The Bessel functions are just one example of special functions that arise as solutions to ordinary
differential equations. Although these special functions are less well known than sines and
cosines, the idea that these special functions behave in a similar general manner to sines and
cosines in the solution of engineering analysis problems, is a useful concept in applying these
functions when the problem you are solving requires their use.

These notes begin by reviewing some concepts of differential equations before discussing power
series solutions and Frobenius method for power series solutions of differential equations. We
will then discuss the solution of Bessel's equation as an example of Frobenius method. Finally,
we will discuss the Sturm-Liouville problem and a general approach to special functions that form
complete sets.

What is a differential equation?

A differential equation is an equation, which contains a derivative. The simplest kind of a
differential equation is shown below:

g—y:f(x) with  y=y, at x=X, [1]
X

In general, differential equations have an infinite number of solutions. In order to obtain a unique
solution one or more initial conditions (or boundary conditions) must be specified. In the above
example, the statement that y = yo at X = Xo is an initial condition. (The difference between initial
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and boundary conditions, which is really one of naming, is discussed below.) The differential
equation in [1] can be “solved” as a definite integral.

X

Y- Yo = [ f(x)dx 2

Xo

The definite integral can be either found from a table of integrals or solved numerically,
depending on f(x). The initial (or boundary) condition (y = yo at X = xo) enters the solution directly.
Changes in the values of yo or xo affect the ultimate solution for y.

A simple change — making the right hand side a function of x and y, f(x,y), instead of a function of
x alone — gives a much more complicated problem.

j—yzf(x,y) with  y=y,atx=x, [3]
X

We can formally write the solution to this equation just as we wrote equation [2] for the solution to
equation [1].

X

Y- Yo = [ F(x y)dx 4]

Xo

Here the definite integral can no longer be evaluated simply. Thus, alternative approaches are
needed. Equation [4] is used in the derivation of some numerical algorithms. The (unknown)
exact value of f(x,y) is replaced by an interpolation polynomial which is a function of x only.

In the theory of differential equations, several approaches are used to provide analytical solutions
to the differential equations. Regardless of the approach used, one can always check to see a
proposed solution is correct by substituting a proposed solution into the original differential
equation and determining if the solution satisfies the initial or boundary conditions.

Ordinary differential equations involve functions, which have only one independent variable.
Thus, they contain only ordinary derivatives. Partial differential equations involve functions
with more than one independent variable. Thus, they contain partial derivatives. The
abbreviations ODE and PDE are used for ordinary and partial differential equations, respectively.

In an ordinary differential equation, we are usually trying to solve for a function, y(x), where the
equation involves derivatives of y with respect to x. We call y the dependent variable and x the
independent variable.

The order of the differential equation is the order of the highest derivative in the equation.
Equations [1] and [3] are first-order differential equations. A differential equation with first, second
and third order derivatives only would be a third order differential equation.

In a linear differential equation, the terms involving the dependent variable and its derivatives
are all linear terms. The independent variable may have nonlinear terms. Thus x3d2y/dx?+y =0
is a linear, second-order differential equation. ydy/dx + sin(y) = 0 is a nonlinear first-order
differential equation. (Either term in this equation — ydy/dx or sin(y) would make the differential
equation nonlinear.)

Differential equations need to be accompanied by initial or boundary conditions. An nt order
differential equation must have n initial (or boundary) conditions in order to have a unique
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solution. Although initial and boundary conditions both mean the same thing, the term “initial
conditions” is usually used when all the conditions are specified at one initial point. The term
“boundary conditions” is used when the conditions are specified at two different values of the
independent variable. For example, in a second order differential equation for y(x), the
specification that y(0) = a and y’(0) = b, would be called two initial conditions. The specification
that y(0) = ¢c and y(L) = d, would be called boundary conditions. The initial or boundary conditions
can involve a value of the variable itself, lower-order derivatives of the variable, or equations
containing both values of the dependent variable and its lower-order derivatives.

Some simple ordinary differential equations

From previous courses, you should be familiar with the following differential equations and their
solutions. If you are not sure about the solutions, just substitute them into the original differential
equation.

3—{ =—ky with y=y att=t, = y = ye < [5]
d’y ) .
o —ky = y = Asin(kx) + B cos(kx) [6]
d’y
e k’y = y = Asinh(kx) + B cosh(kx) = A'e* + B'e ™ [7]
X

In equations [6] and [7] the constants A and B (or A’ and B’) are determined by the initial or
boundary conditions. Note that we have used t as the independent variable in equation [5] and x
as the independent variable in equations [6] and [7].

There are four possible functions that can be a solution to equation [6]: sin(kx), cos(kx), e, and
ek where i2 = -1. Similarly, there are four possible functions that can be a solution to equation
[7]: sinh(kx), cosh(kx), e, and e**. In each of these cases the four possible solutions are not
linearly independent.! The minimum number of functions with which all solutions to the
differential equation can be expressed is called a basis set for the solutions. The solutions shown
above for equations [6] and [7] are basis sets for the solutions to those equations.

One final solution that is useful is the solution to general linear first-order differential equation.
This equation can be written as follows.

dy

o Ty =900 [8]
X

This equation has the following solution, where the constant, C, is determined from the initial
condition.

1 We have the following equations among these various functions:

sinh(x) = % cosh(x) = % sin(x) = % cos(x) = =&

2
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yzeﬁfm“{0+j(gooéfm“)mﬂ [9]

Power series solutions of ordinary differential equations

The solution to equation [6] is composed of a sine and a cosine term. If we consider the power
series for each of these, we see that the solution is equivalent to the following power series.

X3 X5 X7 X2 X4 X6 ( 1) X2n+l ( 1) X2n
— - - 4. B 1__ - _
y %} a5 }'( R j Z(m+w ; (2n)!
[10]

We are interested in seeing if we can obtain such a solution directly from the differential equation.
A proof beyond the level of these notes can be used to show that the following differential

y( ) . dy( )
dx?

+ p(x) + q(X)y = r(x) has power series solutions, y(x) in a region, R,

around x = a, provided that p(x), g(x) and r(x) can be expressed in a power series in some region
about x = a. Functions that can be represented as a power series are called analytic functions.?

equation

d? d
The power series solution of d—Z + p(X)d—y + q(x)y = r(x) requires that the three functions
X X

p(x), q(x) and r(x) can be represented as power series. Then we assume a solution of the
following form.

y(x) =D a,(x-X,)" [11]
n=0

Here the an are unknown coefficients. We can differentiate this series twice to obtain.

na, (x-x,)"" and
=3 na, -

=Y n(n-Da,(x-x)"?  [12]
n=0

Substituting equations [11] and [12] into our original differential equation gives the following
result.

S n(n—Da, (x- )"+ p()> na, (x- %)™ +q(x) Y8, (x-%)" =F(x)  [13]

We then set the coefficients of each power of x on both sides of the equation to be equal to each
other. This gives an equation that we can used to solve for the unknown an coefficients in terms
of one or more coefficients like ao and a1, which are used to determine the initial conditions. This

2 See the brief discussion of power series in Appendix A for more basic information on power
series.
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d’y

X2

is best illustrated by using equation [6], + k2y =0, as an example. Here we have p(x) = 0,

g(x) = k2, and r(x) = 0, so for this example, equation [13] becomes.
D n(n—1a, (x-x%)" 2 +k*> a, (x-x%,)" =0 [14]
n=0 n=0

The only way to assure that equation [14] is satisfied is to have the coefficient of each power of (x
— Xo) vanish. We get the power series solution by setting the coefficients of each power of (x — Xo)
equal to zero. This task is simplified if we collect all the terms in equation [14] into a single sum.
To do this, we note that the first two terms (n = 0 and n = 1) in the first sum of equation [14] are
zero. We can thus start the sum at n = 2. Next, we can change the index on this sum from nto a
new index, m = n — 2. Finally, we can combine the two sums, even though they have different
summation indices, because these indices are dummy indices and the both limits on each
summation are the same.

These steps give the following result.
0=>Y_n(n-1)a,(x-%,)" 2 +k>> a,(x-%)" = > n(n—Da,(x-x,)"*
n=0 n=0 n=2
+k2D a8, (x-%)" = D (m+2)(M+1)a,,,(X-%)" +k*D a,(x-X,)"
n=0 m=0 n=0

- i(n +2)(N+D)a,,(x-X,)" + kzian(x “x,)" = i[(n +2)(n+1)a,,, + k2, [x-x;)"
n=0 n=0 n=0
[15]

The last sum in equation [15] equals zero only if the coefficient of (X — xo)" vanishes for each n.
This gives the following relationship among the unknown coefficients.

2
(n+2)(n+Da , +k% =0 or a,,——— K& 126]
(n+2)(n+1)

This gives us an equation for an+2 in terms of the coefficient previously found for an. We cannot
use this equation to find ao or a1, so we assume that these coefficients will be determined by the
initial conditions. However, once we know ao, we see that we can find all the even numbered
coefficients as follows

2 _k*a,
k’a, _ k’a, o = k’a, 2 ) kia

T 0e20+Y | 2 YT 2+2)(2+) (2+2)(2+1) 4-3-2
[17]

Continuing in this fashion we see that the general pattern for a subscript whose coefficient is an
even number is the following.
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(-1,
" (n)!

We can verify this general result by obtaining an equation for an+2. This is done by replacing n in

neven [18]

(n+2)
equation by n+2 to givea,_ ., = (-1 4 k™2a,
n+2 —
(n+2)!

[18] into equation [16] to see if we get the correct result for the ratio an+2/an.?

. Next we substitute this equation and equation

(n+2) e
()" Yok a,

a., k? (n+2)! —k*n! k®
a, (n+2)(n+1) (_1)% K"a, n+2)!  (n+2)(n+1)
n!

We see that the ratio an+2/an that we computed using our general equation for an from equation
[18] is the same as the value for this ratio that we started with in equation [16]. We thus conclude
that equation [18] gives us a correct solution for an when n is even. We can handle the
recurrence for an, when n is an odd number in the same way that we just did for even n. We start
by finding az and as in terms of au.

o[ _K'a
k2a1 kZal k2a3 3_2 k4a1
a, = — = — a. = — = — =
o (1+2@+) 32 * (3+2)(3+)) 5.4 5.4.3.2
[20]

We see that this recurrence will lead to a general equation of the following form.

(n-1)
)"k,
" (n)!
As before, we can check this general relationship by obtaining an expression for an+2 and showing

that the ratio an+2/an as computed from equation [21] satisfies equation [16]. This check is left as
an exercise for the reader.

a

n odd [21]

Now that we have expressions for an in terms of the initial values ao and a1 we can substitute
these expressions (in equations [18] and [21]) into our proposed general power series solution for
our differential equation from equation [11].

3 If you are not familiar with the cancellation of factorials, see the discussion in Appendix B.
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Y00 = 2,00 %)" = Y2 (x-1)" + a,(x-%)" =

even n oddn

z(n/kao(X I N S

o () O] (X-%,)" =
a{l_ [k(x é!xo)]2 . [k(x ;“Xo)]4 _,,.}a{k(x_ ) K é!XO)]S . [k(x E__)!XO)]S _}

[22]

Thus the series multiplied by ao and a1 are seen to be the series for cos[k(x — Xo)] and sin[k(x —
2

d-y

Xo)], respectively. This is the expected solution of the differential equation d_2 +k? y=0.
X

Although this differential equation has a solution in terms of sines and cosines, the basic power
series methods can be used for equations that do not have a conventional solution.

Summary of power series solutions of ordinary differential equations

d?y(x d
dy( ) 4 pex) VX y( ) 4 q(X)y = r(x). using the power
X
series method, provided that p(x), q(x) and r(x) are analytlc at a point xo where we want the
solution. Such a solution is obtained in the following steps.

We can solve a differential equation like

o Write the solution for y(x) as a power series in unknown coefficients an as shown in
equation [11].

o Differentiate the power series two times to get the derivatives required in the differential
equation; see equation [12] for the results of this differentiation.

e Obtain power series expansions for p(x), q(x) and r(x), if these are not constants or
simply polynomials.

e Substitute the power series for y(x), y'(x), ¥"(x), p(x), a(x) and r(x) into the differential
equation for the problem.

¢ Rewrite the resulting equation to group terms with common powers of x — Xo.

e Set the coefficients of each power of x — xo equal to zero. This should produce an
equation that relates neighboring values of the unknown coefficients an.

e Use the equation found in the previous step to relate coefficients with higher subscripts to
those with lower subscripts. The first few coefficients, e.g., ao, a1, etc., will not be known.
(These will be determined by the initial conditions on the differential equation.)

o Examine the equation relating the coefficients and try to obtain a general equation for
each an in terms of the unknown coefficients ao, au, etc.

e Substitute the general expression for an into the original power series for y(x). This is the
final power series solution.

Frobenius method for solution of ordinary differential equations

The Frobenius method is used to solve the following differential equation.
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d’y(x) , b(x) dy(x) , c(x) y=0 [23]
X2

dx? X dx

In this equation b(x) and c(x) are analytic at x = 0. Note that the conventional power series
method cannot be used for this equation because the coefficients of dy/dx and y are not analytic
atx=0.

In the Frobenius method the solution is written as follows.
y(x)=x">ax"=> ax"" [24]
n=0 n=0

Here the an are unknown coefficients and the value of r is also unknown. The value of r is
determined during the solution procedure so that ao = 0. We can differentiate the series for y(x) in
equation [24] two times to obtain.

dy ~ n+r-1 d 2y S n+r—2
=2 =>"(n+r)a,x and — =Y (n+r)(n+r-1)ax [25]
dX n=0 dX n=0

We assume that b(x) and c(x) are constants, simple polynomials or series expressions that have
the following general forms.

b(x) = 3 b, X" c(x) =3 cx" 26]
n=0 n=0

We can substitute equations [24], [25], and [26], into equation [23] and multiply the result by x2 to
obtain the following equation.

xzi(n +r)(n+r—21a,x""? + x(i bnx”j(i(n + r)anx””‘lj - (icnx"](ianx””j =0
n=0 n=0 n=0 n=0 n=0
[27]

We can combine the x2 and x terms outside the sums with the x terms inside the sums as follows.

i(n +r)(n+r-Da,x"" + (ibnx”)(i(n o+ r)anx””} + [icnx”J(ianx””j =0 [28]
n=0 n=0 n=0 n=0 n=0

We can then write out the first few terms in each series or product of series to give

r+l

r(r-2a,x" + @+ rrax™ +(2+r)@+r)a,x™ +-..
+byragx” + [bra, + by (1+r)a, [x"* +[byra, + b, (1+ r)a, + by (2 + r)a, x"*? +--- [29]
+Coa X" +[cia, + Coa, X +[c,a, +Ca, +Cua, X 4o =0

As in the conventional power series solution, we require the coefficient of each term in the power

series to vanish to satisfy equation [28] or [29]. Starting with the lowest power of X, X', we require
that the following coefficient be zero.
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[r(r—1)+b,r+c,Ja, =0 [30]
In this case we want to keep ao = 0, thus we require that
r(r—=1)+b,r+c,=0 [31]

This yields a quadratic equation in r which is called the indicial equation. We find two possible
values of r from the conventional solution of the quadratic equation.

1—b, ++/(L—h, ) - 4c,

r > [32]

The original solution in equation [24] is a basis for all solutions if the two values of r found from
equation [23] are different and their difference is not an integer. In that case we have two
solutions which can form a basis for all solutions to equation [23]. These are

Y1 (X) = quanxn and Y, (X) = X" Zﬂxn [33]
n=0 n=0

The coefficients for the two solutions, an for y1(x) and An for y2(x), are different. These coefficients
are found in the same way that the coefficients were found in the usual power series equation,
once the values of r are determined. If there is a double root for r or if the two values of r differ by
an integer, it is necessary to have a second solution that has a different form. For a double root,
we have the two following solutions.

y:(x) =x" a,x" and Y, () =y, () In(x) + > A X" [34]
n=0 n=1

If the two roots, r1 and rz differ by an integer, the two possible solutions are written as follows.
Yi(x) = X"y a X" and Y,(X) =Ky, () In(x) + x* > Ax"  [35]
n=0 n=0

In the last expression, the roots are defined such that r1 > rz; the value of k may be zero in this
case. Note that the an coefficients and the An coefficients are different; also for the double root,
the summation for y2(x) starts at n = 1 instead of n = 0.

In the next section, we examine the solution of Bessel’s equation using the Frobenius method.
This serves both as the derivation of the series expansions for the various Bessel functions and
as an illustration of the Frobenius method.

Application of Frobenius Method to Bessel’s equation

Bessel’s equation arises when various engineering phenomena are modeled in cylindrical
coordinates. This equation for y(x) with v as a known parameter in the equation has the following
form.
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d?y(x) 1 dy(x) . x> —v?

=0 36
dx? X dx NG y 136]

We see that this is the general form given in equation [23] with b(x) = 1 and c(x) = x2 — v2. Recall
the basic solution format for Frobenius method from equation [24], copied below.

y(x) =x" ax"=> ax" [24]
n=0 n=0

The derivatives of this solution were given in equation [25], also copied below.

ay D (n+r)a,x"" and
dx

d 2y S n+r—2
v > (n+r)(n+r-1a,x [25]
n=0

If we multiply equation [36] by x2 and substitute equations [24] and [25] we obtain the following
result.

i(n +r)(n+r-1)a, x"" +i(n +r)a x™" + (x2 —vz)ianx”+r =0 [37]
n=0 n=0

n=0

Except for the final sum that is multiplied by x2, we can combine all three summation operators
into a single sum.

i[(n +r)(n+r-1)+(n+r)- 1/2]anx”+r jtianx”+r+2 =0 [38]
n=0

n=0

We can simplify the coefficient in the first summation.
n+n(n+r=D+M+nN—v> =+’ =Mn+r)+M+r—v> =(+r)°—v* [39]

We can define a new index for the second sum, m = n+2. This allows us to write the second sum
as follows.

Zanxn+r+2 — zam—ZXerr [40]
n=0 m=2
We can use equations [39] and [40] to rewrite equation [38] as follows.

S0 r- (e S
n=0

n=0

i[(n+r)2 _VZ]anXm-r +§:an_zxn+r — [41]
n=0 n=2

(r2 —vz)aoxr +[(l+ r)? —VZ]a1Xl+r +i{[(n+ r)? —vz]an +a_, }x”” =0
n=2
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The indicial equation is the equation that sets the coefficient of ao equal to zero. For Bessel’s
equation, the indicial equation is r> — v = 0, whose solution is r = +v. The first Frobenius method
solution will be the same regardless of the value of v. However, if v =0, this is a double root and
if v is an integer, the two roots of the indicial equation will differ by an integer. The first solution
will be the same in all three cases, so we will obtain this solution and defer the consideration of
the second solution. We will take the root r = v, that gives a positive value for r. We will assume
that v is positive. Substituting r = v, into the power series solution in equation [41] gives

[42]

[(1+ vy —Vz]alX“V +i{[(n +v)° —1/2]::1n +a,., }X"*V =0
n=2

Each coefficient in this equation (for each power of x) must equal zero for series sum on the left-
hand side of equation [42] to be zero. The coefficient of the x1*¥ term will not vanish unless a1 =
0. Thus, we conclude that a: is zero. The remaining powers of x in equation [42] have a
common equation for the coefficient. When we set this equation to zero, we obtain the following
result.

ln+v)? =2, +a, , =|n* +2nv+v2—v2la +a, , =n(n+2v)a, +a, , =0 [43]
We can solve this equation to obtain a recurrence relationship that gives an in terms of an-2.

—a,,

=— 02 [44]
n(n+2v)

n

According to equation [44], if an = 0, then an+2 = 0. Since we have shown that a1 must be zero,
we conclude that all values of an with an odd subscript must be zero. Since the further
application of equation [44] will be for even subscripts only, we change the index from nto m
where n = 2m. This allows us to rewrite equation [44] as follows.

P ) — )
Mo2m@2m+2v)  22m(m+v)

[45]

We will take ao as an unknown coefficient that is determined by the initial conditions on the
differential equation. We can then use equation [45] to write the first few (even-numbered)
coefficients in terms of ao. Setting m = 1 in equation [45] gives us az.

_ — 02 _ —a,
2°MA+v) 2°(1+v)

a, [46]

Next we set m = 2 in equation [45] to obtain a4 in terms of a2, and then use equation [46] to get a4
in terms of ao.

_aO
-84,  —a, _(22(1+V)J B a, -
Y222 +v) 22(Q2+v)  22(Q2+v)  2*@)2+v)(1+v)
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Next, we use m = 3 in equation [45] to compute as by which point we should be able to see the
pattern in the azm coefficients.

4
—832 -a, B _(24(2)(2+v)(1+ v)j ~a,

% = 22(3)(3+v) 2°(A)3B+v) 22(3)3+V) C2°()(QB+V)(2+v)A+V)

We see a pattern emerging that we can summarize in the following general equation for the
coefficients in the power series solution.

4 - (-D"a,
M2 mi(m+v)(M—14v)--- 2+ V)1 +V)

[49]

This is the general relationship for the coefficients in the first solution. We now have to look at
individual cases of noninteger v, integer v, and v = 0.

First Frobenius method solution for integer v— We first consider the case of integer v, for
which the parameter, v, is conventionally represented as n. (The symbol v is reserved for cases
where this parameter is not an integer.) Setting n = v for cases where n is an integer gives the
following version of equation [49].

N (-D"a,
22 mi(m+n)(m—1+n)---(2+n)(1+n)

[50]

Since ao is an unknown constant, which has different values for different problems as determined
by the boundary conditions for the problem, we can redefine ao as follows. (This is a convention
used to obtain an equation that is used for computation and tabulation of Bessel functions.)

1
2"n!

a, =A [49]

Now, A is the constant that is selected to fit the boundary conditions. With this substitution, we
can write equation [48] as follows.

. )" A ___(D"A
22 il (m 4+ n)(m—1+n)---(2+n)L+n)n! - 22™"m! (m +n)!

[50]

We can substitute this expression for azm into the power series equation [24] proposed for the
solution with the value of r in that equation set to the solution of the indicial equation, r = v, using
n in place of v for integer values of v.

0 0 0 _1)mX2m
X)=x">ax =x">a, x*=Ax" ( 51
y(X) ; . ZO om %mel(mn)! [51]

The Bessel function of the first kind of integer order n, Jn(x) is defined by this equation, with
the arbitrary constant omitted. (This is the same practice as ignoring the multiplicative constant in
the sine and cosine solutions to differential equations and simply tabulating the sine and cosine.)
Thus, we write

[48]
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N < (_1)mX2m
Jn () =x Z22"‘+"m!(m+n)!

m=0

[52]

Plots of these Bessel functions for some low values of n are shown below. Note that Jo(0) =1
while Jn(0) = 0 for all n > 0.

Bessel Functions of the First Kind for Integer Orders
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First Frobenius method solution for noninteger n — The only change necessary when we
consider noninteger v, is that we do not have the factorials used above in the case of integer v =
n. Instead, we use the gamma function in the definition of ao. (See appendix C for background
on the gamma function and its ability to generalize factorial relationships to noninteger values.)
That is we replace equation [49] by the following equation for noninteger v.

By = A /53]
2"T'(v+1)

Substituting this expression for ao into equation [49], and using equation [C-3] from Appendix C
on gamma functions gives the following result.

L D" A _ D" A
2 mim4+v)(m=1+v)-- 2+ V) A+ V)T +1) 22" mIT(v+m+1)

[54]

We substitute this equation for azm (without the arbitrary constant, A) into the general power
series solution from equation [24] to define the Bessel function of the first kind of (honinteger)
order v, Jv(x).
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JV(X) _ Xvi (_1)m X2m

2m+v [55]
27 miT(m+v +1)

Note that this definition for noninteger v is the same as equation [52] for integer v = n, since
equation [C-6] shows that (m + n)! =T'(m + n + 1).

Second Frobenius method solution — Now that we have the first solution for integer and

noninteger v, including v = 0, we have to find another linearly independent solution to Bessel's
equation to form a basis for all possible solutions to this equation. This requires us to consider
each case separately. The simplest case is when v is not an integer. Here the values of Jv(x)
and J-.v(x) are linearly independent and we can write a solution to Bessel’s equation as follows.

y()=AJ,(x)+BJ_,(x) [56]

Here A and B are arbitrary constants determined by the initial conditions on the original
differential equation. The values of J-(x) are found from equation [55].

When v is an integer (with the usual notation that integer v = n), we can use equation [52] to
show that the Bessel functions for order n and order —n are linearly dependent. These two orders
of Bessel functions are simply related as follows.

I 00 =(D"J, (9 [57]

Second Frobenius method solution for integer v=n — To find a second solution for integer v,
we have to separately consider the special case where v =n = 0. In this case, where the indicial
equation had a double root, the second solution is shown in equation [34]. To get the second
solution for Bessel’s equation with n = 0, we modify equation [34] by setting the first solution to
Jo(x) and the value of r in equation [34] to the value of the double root, r = 0. This gives the
equation shown below for the second solution

Yo(x) = 3, (0 IN() + > A X" 58]

For the more general case of integer v = n = 0, the second solution is given by equation [35].
Since the two roots of the indicial equation are r = +v = +n for integer v, and we used r = +n in the
original solution for Jn(X), we have to use the second root, r = -n here. Using this value for r and
Jn(x) for the original solution, y1(x), equation [35] becomes.

Yo (x) = k3, (9 In(X) + X "3 A X" =kJ, (0 In() + 3 A X" [59]

Equations [58] and [59] use m as the summation index in place of n, which was used in equations
[34] and [35]. This was done to avoid confusion with the use of n to represent the order of the
Bessel function. Since the summation index is a dummy index, we can use any symbol we want
for this index.

We can do the initial part of the analysis for general integer v = n, where n may or may not be
zero. To do this we will write Bessel’s equation [36] as follows, substituting n for v.
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2
x2 dng) +X d)(/j(x) +(x2=n2)y=0
X X

[60]

We will also use equation [59] as the second solution. When we do this, we must remember to
set k = 1 and to set the lower limit of the summation equal to 1 to make the equation for general n
in [59] correspond to equation [58] for n = 0. (These two changes, plus setting n = 0, will convert
the solution in [59] to the special case of n = 0 in equation [58].)

Taking the first derivative of equation [59] gives

;09 _ 90,
dx

In(x) + kJ (x)d'”)gx) Z(m A X" 61]

Substituting 1/x for din(x)/dx and taking the second derivative gives.

dy2(x) , dJ? (x) kJ (x) 2k dJ, (%) o
o =k o In(x) — . dx mZo(m n(m-n-1A x [62]

Substituting equations [59], [61], and [62] into equation [60] gives the following result.

2 0%, 00 W0 (2 2
X*—n =
dx? dx +( )yz
" { de 09 1 x )_kJ (), 2k dJ dJ, (%) Z(m (M n—DA X" 2}
X
[63]
+ { W0 O 130 4 k3 (x)dln(x)+2(m—n)Amxm‘”‘l}
m=0
+ (x2 - nz{k\]n (x) In(x) + Z Amxm”} =0
m=0
We can rearrange this equation by multiplying each term in braces by the factors outside the
braces, substituting 1/x for din(x)/dx, and collecting all the terms multiplied by k In(x).
2
k In(x){xz d‘L“ &), & d‘](; ®) (2 —n2)a, (x)} “KJ, (X) + kI (x)
X
d‘] (X) m-n m-n
+ 2kx +Z(m n(m-n-1)A x +Z(m n)A_ x [64]

+(x -n )ZAmxm’” =0

The terms in the top row all vanish. The last two terms in this row obviously cancel. The terms
multiplied by k In(x) are just Bessel’s equation (see equation [60]) with Jn(X) as the dependent
variable. However, Jn(x) is a solution to Bessel's equation. Thus equation [60] tells us that the
terms multiplying k In(x) sum to zero.

We can consider the remaining terms in equation [64] as follows. First, we use equation [52] for
Jn to evaluate the derivative term.
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© _1\m 2m+n
2kxd‘]”—(x)=2kxi Z 2( )" x -
dx dx 25" " ml (m+n)!

m=0

[65]
o ( 1\M 2m+n-1 o ( 1\m 2m+n
2kXZ( 1)2 (2m+n)x _ ZKZ( 12 (2m+n)x
= 2°™"ml(m+n)! = 2"™"ml(m+n)!
We can rewrite the summation terms in equation [64] as follows.
Y (m=-n)m-n-DA X""+> (M-n)A x"" + (x2 - nz)z A X" =
m=0 m=0 m=0
Z[(m -n)(m-n-1)+(m-n)— nz]Amx”“n + AT = [66]
m=0 m=0

im(m —2n)A x"" +i A X"
m=0 m=0

We can now substitute equations [65] and [66] into equation [64], after setting the first row of [64]
equal to zero.

0 m 2m+n o
ZKZ( D~ (2m+n)x +> - m(m—2n)A x"" + ZAme "z = [67]
= 2™""ml(m+n)! A&
Second Frobenius method solution for n = 0 — At this point we want to return to the separate
consideration of n = 0. Recall that we had to set n =0 and k =1 in this case. We also had to
increase the lower limit on the summation of the Amx™ terms from zero to one. Making these
changes in equation [67] gives the following result for n = 0.

o0

22( ]gzm(zm)x " Zm AmX +ZAme+2 — [68]

We can combine the last two sums if we temporarily replace m by j = m + 2 in the second sum.
(Once we get the correct form for this sum, we can replace j by m and combine the two sums. To
do this we explicitly write the terms for m = 1 and m = 2 in the first sum.)

imzAmxm +§“Amx””2 :imzAmxm JriAHxj :imzAmxm
m=1 m=1 m=1 j=3 m=1 [69]

+§:Am_2xm = AX+4A,X° +§:[m2Am + Am_z]xm

We can use equation [69] to replace the last two sums in equation [68]. In addition, we see that
the 2m in the numerator of the first sum in equation [68] makes the first term in that sum zero.
Thus, we can change the lower limit of that sum from m =0 to m = 1. Making these changes
allows us to rewrite equation [68] as follows.

3R s Arant A A, = 70
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In the first sum, we can combine the 4 in the numerator with the 22™ in the denominator and we
can also write m/(m!)? as 1/[m!(m-1)!]. This gives the following change to equation [70].

i (_1)m)(2m N A1X+4A2X2 +i[m2Am n Am_z]xm -0 [71]

=22 mli(m-1)!

Since equation [71] is a power series whose sum is equal to zero, the coefficient of every power
in this series must vanish to for the sum to equal zero for any value of x. We see that the lowest
power of x occurs in the term Aix. We must have A1 = 0 for the x coefficient to vanish.

We next consider the x2 term. For the coefficient of this term to vanish we must satisfy the
following equation.

(-1 1
m+4A2:1+4A2:0 jr— AZZZ [72]

Since the first sum in equation [71], which comes from the first derivative of Jn(X), has only even
powers of x, the coefficients for odd powers of x are given by the second sum only. Setting the
coefficient of odd powers of x equal to zero gives the following result.

A = Amj odd m [73]
m

Since we have previously shown that A1 = 0, equation [73] tells us that Az = 0. In fact we can
apply it sequentially to all values of Am with an odd subscript to show that all values of Am for
which m is odd are zero. This leaves us with only even values of m to consider. For convenience
we can rewrite the second sum in equation [71] to have only even powers. To do this we
temporarily define the index k = m/2 and replace m by 2k in the second sum in equation [71].
Before doing this, we set A2 = 0 and start the sum at m = 4 since the m = 3 term is zero.

SO a4 32007 Ay 4 Ay B =0 2

27" mli(m-1)!

From equation [74], we can see that the coefficients of even powers, x2™, for m > 1, will vanish if
the following equation is satisfied.

=D" 2 3
222 ml(m —1)! +(2m)° A, + A, , =0 m>1 [75]

This allows us to define new coefficients in terms of old ones by the following equation.

_ (_1)m _ A2m—2
2°"22m)’mi(m=1! (2m)?

[76]

Ao =

For m = 2, we can compute A4 in terms of Az = Ya.
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. (-1’ A1 B
Y 22@72(2.9)2(21)(2-1)! (2-2)2 (H@6)(MD) 16 128

For m = 3, we can compute As in terms of A4 and use the result that A4 = -3/128 to get a value for
Ae.

a (-1)° A _ -1 __428
2°92(2.3)7(3)@B-1! (2-3° (6)(36)(6)(2) 36 [78]

- = + =
6,912 4,608 13,284 13284 13,284

The general form for Azm is not easy to see. We can see that the recursion equation [76] for Azm
contains one term from the series sum for the first derivative of Jo and a second term which
contains the previous value of Azm. Because this continues indefinitely, general expression will
look like the following expression that we found for As.

| m=3 A, | m=3 1 m=2 A,
& _L; term}_(z-:%)2 _L(} term}_(z-i%)2 L;, term}(z-Z)2

| m=3 1 m=2 1 m=1
Tl term | (2-3)2 || 9, term | (2-2)2 (| I, term

Equation [79] shows the general form that the Jo' term appears repeatedly with a series of factors.
Although we will not attempt to derive the general equation below, equation [79] tells us that the
form of the equation proposed in [80] for Azm is reasonable.

79]

(D" 1
=% = 80
2 22'“(m!)2k§‘k 150]

We can show that this result satisfies the difference equation in [76] as follows. First, we rewrite
equation [80], replacing m by m — 1.

A2m—2 = (_1) i S E

= 81
22m—2 [(m—1)|]2 ] Kk [ ]

We then substitute equation [81] into equation [76] and after some manipulation we see that we
obtain the same result for Azm given by equation [80].
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o (_1)m 1 (_1)m—2 m—li
Pon = 22"2(2my2mi(m—1)!  (2m)? 22" 2[(m-1)!f ; k
_ )" N G L S5 |
22222 m’ m(m - (m -1 22"222m?*[(m-1)If Sk 82
(_1)m—1 (_1)m—l m—ll

~ 22" m[m(m—1)![m(m —1)!]+ 2" [m(m -)1f Sk
B G VA B 5 T GV o Y
_22m(m!)2{m+;k} 227 (m1y2 &k

Since the last expression in equation [82] is the general expression proposed for Azm in equation
[80], we conclude that equation [80] is a correct solution to the recusrion equation that we derived
for Azm in terms of Azm-2 in equation [76].

If we substitute this equation [80] for Azm into the original equation for our second solution in [58],
we get the result that

2m
2 o K

WORE (x)ln(x)+z{( Sy o3t } =

Although this solution provides a second linearly independent solution to Bessel’'s equation for v =
0, it is conventional to tabulate the function Yo(x) shown below as the second solution. In this
equation y is called the Euler constant. It has a value of 0.577215664901532860606152..., and
represents the limit of the following sum as x approaches infinity: 1 + %2 + 1/3 + % +---+1/x — In X.

00 = 2[1,00+ (&~ 11 2)3,00]= {J 0 In(x)+2{wi%}
2 x DTS L
+(y—In Z)Jo(x)]— E[Jo(x)(ln 5 +7j Z{ 22 (m1)? Zk}

Second Frobenius method solution for integer v =0 — Having completed the second solution
for Jo, we can return to the general case of finding the second solution for Jn, where n is nonzero.
We return to equation [67], the last equation in our general development for any integer v = n,
and rewrite the final two sums in that equation as follows.

im(m—Zn)Amxm‘n +§:Amxm‘“+2 = im(m—Zn)Amxm‘n

. . [85]
+ZZAJ._2XJ-” =0+ (1-2n)A X" +Zz[j(j —2N)A, + A, X
1= 1=

Substituting this equation into equation [67] gives the following result.

(=)™ (2m + n)x>™" N -
kazo 22™"mt (m+n)! FA-2mAX +,Z=z:[](]_2n)Ai+Aj-z]X’ =0 [86]
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The minimum power of x in this equation is x™". The coefficient of this term is (1 — 2n) A1. Since
n is an integer, this coefficient will only vanish if A1 = 0.

Because the first term has x raised to the 2m+n power while the other terms have x raised to the

j—n power, the two different summations will have common powers of x only when 2m +n=j—n.
That is when j = 2m + 2n. Since the minimum value of m is zero, the first sum will only come into
play when j > 2n. For j < 2n, then, the coefficients of the x terms will vanish only if the coefficients
of xim in the second summation are zero. This requires

A.
— -2
A= i(j—2n)
I
Since A1 = 0, this equation tells us that all values of Aj, with an odd number for j, with j < 2n are

zero. For even j < 2n, the coefficients are be expressed in terms of Ao, which will remain an
unknown. Forj =2, 4, and 6, we have the following results from equation [87].

j(J-2n)A; +A;, =0 = [87]

A __ A _(2@2-2n) A

2 2(2-2n) ‘A4-2n)  4(4-2n) 2-42-2n)4-2n) 8]
Ay

A4 _(2-4(2—2n)(4—2n)j_ A,

A = 6(6—2n) 4(4-2n) ~2-4-6(2—2n)(4-2n)(6-2n)

We can continue in this fashion until we compute Azn-2; the next value of j will be j = 2n. At this
point, the exponent of xi™ in the second sum of equation [86] becomes equal to 2n — n =n. This
is the same power of x that occurs at the lower limit of m = 0 in the first sum of equation [86]. So
for j > n, we have to consider both sums in equation [86]. The following equation, obtained by
setting m = 0 in the first sum and j = 2n in the second sum, is required to set the coefficient of x"
in equation [86] equal to zero.

(ED°2:0+n)

erzn(Zn—zn)Azn +A,,,=0 [89]

We can solve this equation for k, the coefficient of the Jn(x)In(x) term in the proposed second
solution

2"n!
k=2 [90]
2n
We will develop an equation for k later in the derivation. Note that the value of k may be zero in
other solutions by Frobenius method where the roots of the indicial equation differ by an integer.

The remaining powers of x in the series have contributions from both sums. The power of x in the
two sums will be the same if j = 2m + 2n. (This covers only even powers of x, which are the only
powers left in the series whose coefficients are not already zero.) Setting j = 2m + 2n in the final
sum of equation [86] gives the following equation to make the coefficients x2™*" vanish.
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(<D™ (2m+n)

22m+n

(M 2@ A + Aoz =0 [91]

If we set m = 0 in this equation we recover equation [89] which we used to solve for k. Thus, this
equation only applies for m > 1. We can solve this equation for Azom+2n as follows

(_l)m (2m + n) A2m+2n—2

- m>1 [92]
2°™ (2m+2n)(2m)m! (m+n)!  (2m+2n)(2m)

A2m+2n = -2k

When we apply this equation for m = 1, using the result that k = k Ao, we obtain Azn+2,

(-D)'(2+n) A, ARED) A,
25724 2n)(QU(L+n)! (2+2n)(2) 2*"(L+n) (L+n)! (4+4n)
[93]

A2n+2 = _ZKAO

We can continue to apply equation [94] to get additional values of Am. The general result for this
coefficient is tedious to obtain and we will skip the steps that lead to the following result.

N © _1 m-1,,2m m 1 m+nl . n-1 _ _1| 2m
0= Gome0 Z{szfmz)m!(r);+n)!(zﬁ+zﬁj}+X Z{zgg—n;nm!(r)nin)!}

m=0 k=1 k=1 m=0

[94]

Although this solution provides a second linearly independent solution to Bessel’'s equation for v =
n = 0, it is conventional to tabulate the function Yn(X) shown below as the second solution. The
definition of this second solution is similar to the one used in obtaining equation [84] for Yo(x).

V.00 = 2[00+ ( ~In 2)3,00] =

2 X e (-DmtxEm mo] w1 L2 (n—m=DIx*"
;{Jn(x)(ln5+yj+x Z{sz*”*zm!(m+n)![kz_1:§+;EJ}H Z{er“‘r‘*zm!(m+n)!H

m=0 m=0
[95]

If we set n =0 in equation [95], we will obtain equation [84] for Yo(x) if the final sum in equation
[95] is omitted when n = 0.

There is one final step that is taken to obtain consistency between integer-order and noninteger-
order Bessel functions. Although Jv and J., are linearly independent solutions for noninteger v,
we define an alternative second solution for noninteger n by the following equation.

(cos vz)d, (x) = J_,(X)

Y (X) =
) sinvr

[96]

In the limit as v approaches an integer, the numerator and denominator of equation [96] both
approach zero. (Recall equation [57] for Bessel functions of integer order: J-n(x) = (-1)"In(X);
since cos nxt = (-1)", the numerator approaches zero as v approaches an integer.) If we apply
L’Hopital’s rule to equation [96] as v approaches integer n, we can show that the result we get is
the same as that given for Yn(x) in equation [95].
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The basic result of this section on Bessel functions then is that the solution to Bessel’'s equation
[36] is y = C1Jv(X) + C2Y(x) for both integer and noninteger v. Here C1 and C: are constants that
are determined by the boundary conditions on the differential equation. In the same way that we
recognize that y = Cisin(kx) + Czcos(kx) is the solution to d?y/dx? + k?y = 0, we can now
recognize that y = C1Jv(x) + C2Yy(x) is the solution to x2d2y/dx? + xdy/dx + (x? - v3)y = 0. Of
course, Bessel function tables are not as common as tables of sines and cosines and you
probably do not have a Bessel function button on your calculator. However, on an Excel
spreadsheet you can get Bessel functions Jv(x), for both integer and noninteger v, by the function
besselj(x,v). Similarly, you can get Y.(x), for both integer and noninteger v, by the function
bessely(x,v). These functions were used to prepare the plots of Jn(X) shown above the the plots
of Yn(x) shown below.

This plot shows that the values of Yn(x) approach minus infinity as x approaches zero due to the
In(x) term in Yn(X). Because the common application of Bessel functions is to problems with
radial geometries, we usually have to take Cz = 0 in the general solution, y = C1Jv(X) + C2Yy(x), to
have a solution that remains finite at x = 0.

Bessel Functions of the Second Kind of Integer Order

0.6

0.4 / \
0.3 A

N

" [ 1/ ~. .

o /1T\ / N -

) / \ / N N N[ 7/

- A /S ININ\]l NV 1/ ]
2 o \NV/ N/ NN AX] |7
; / ~><r =

-0.5

-0.6

/
/
-0.3 I "
oal 1/ /
I
[
I

-0.7 /
-0.8

-0.9 !

Summary of Frobenius method

Frobenius method is used to determine series solutions to differential equations with the following
form: x2d?y/dx? + xb(x)dy/dx + c(x)y = 0. In these notes, we have applied this method to the
solution of Bessel's equation.

e The general form of the Frobenius method solution is the infinite series y(x) = x"(ao + aix
+ax?+....)
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e The general solution is differentiated and substituted into the original differential equation.
Setting the coefficients of each power of x" equal to zero gives equations that can be
solved for r and the ai coefficients.

e Setting the coefficient of x" = 0 gives a quadratic equation for r known as the indicial
equation.

e There are three possible cases for the two roots of the indicial equation: (1) the two roots
are the same; (2) the two roots differ by an integer (other than zero); (3) the two roots are
different and their difference is not an integer.

e Inall three cases, the first solution is y1(x) = X"(ao + aix + az2x? + ....), where r is one root
to the indicial equation. This must be taken as the greater of the two roots if the roots
differ by an integer.

e The values of the ai coefficients in the solution are determined in the same way as in the
general power series solution; the coefficients of each power of x" in the solution must be
zero.

¢ If the two roots of the indicial equation are different, and the difference is not an integer,
the second solution is is y2(x) = XR(Ao + A1x + A2x? + ....), where R is the second root to
the indicial equation.

e If the two roots are the same, the second solution is is y2(x) = y1(X) In(x) + (A1x + Axx2 +
Asx3+ ...).

o |f the two roots differ by an integer, the second solution is is y2(x) = k y1(x) In(x) + (Ao +
A1x + Axx? + A3x® + ....), where k may be zero.

e The coefficients Ai (and the value of k) are found by making the coefficients of all powers
of x equal to zero.

You should understand how Frobenius method works, and be able to apply this method.
However, it does not play a role in the solution of most practical engineering problems.

The Sturm-Liouville problem

The Sturm-Liouville problem forms the basis for several problems in engineering analysis. It
provides a link among different functions including Bessel functions, sines and cosines, and other
special functions. Sets of these functions, which are solutions to the Sturm-Liouville problem,
have a common ability to represent any function over a certain region in space.

The Sturm-Liouville problem is defined by the following differential equation over a region a < x <
b.

%(r(x) j—i} [4() + 2p(9)]y =0 [97)

with the following boundary conditions at x = a and x = b. In these boundary conditions, at least
one of the two constants ki and kz is not zero. Similarly, at least one of the two constants {1 and
£2 is not zero.
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d d
kly(a)+k2d—i -0 and Kly(b)+£2d—§ -0 (98]

x=a x=b

The functions r(x), dr(x)/dr, q(x) and p(x) must be continuous in the region a < x < b and we must
have p(x) > 0. The Sturm-Liouville problem is one of a general class of problems involving linear
operators. We can define a general linear operator, L, which may be a derivative operator such
as d/dx or d?/dx?, or a combination of operations such as (d?/dx2 + 1). If our linear operator, L,
operates on a function and returns the same function times a constant, A, we call the function an
eigenfunction of the operator and the constant, 1, an eigenvalue.

If Lf(x) = Af(x), then f(x) is an eigenfunction of L and A is an eigenvalue [99]

Note the similarity to the matrix eigenvalue problem, Ax = Ax. For example, if L is the simple first
derivative operator, equation [99] becomes

df
— = Jf = f =e* [100]

dx
We say that e** is the eigenfunction of the operator d/dx. We can define a generalized
eigenfunction problem by the following equation.

Lf(x) = Ap(X)f(x) [101]

Here p(x) is called the weight function. We see that the Sturm-Liouville problem is an
eigenfunction problem of with the form of equation [101]; the definition of the operator for this
problem can be found by examining equation [97].

d? d
LZ—W—V(X)&—Q(X) [102]

For functions, such as those in the solutions to the Sturm-Liouville problem, the inner product is
defined as follows.

(f, fj):j). f7(x) ;(x) p(x)dx [103]

In this definition, the function p(x), which appears in the Sturm-Liouville problem is called the
weighting function. In many cases, p(x) =1 and is not considered in the definition of the inner
product of functions. For the Sturm-Liouville problem, p(x) is defined to be always greater than
zero.

The Strum-Liouville operator is one of a class of operators known as Hermetian or self-adjoint

operators. The linear operator, L, has an adjoint operator, L*, which is also linear, defined by the
following inner product equation. Here fi and fj are functions on which the operators L and L* act.

(Lf, £,)=(f,L*¥)) [104]

It is possible to have an operator that is self-adjoint or Hermetian operator; that is an operator for
which L* = L. We can show that the operator in the Sturm-Liouville equation, as defined in
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equation [102], satisfies the definition of a self-adjoint using the inner-product definition in
equation [103]. For a self-adjoint operator, equation [104] tells us that (Lfi,fj) = (fi,Lf).

j( af (x)——q(x)}f p(x)dx = j (

2

- r(X) — - Q(X)pr(x)dx
[105]

We now state two important results for Hermetian (or self-adjoint) operators in general and for the
Sturm-Liouville operator in particular:

1. The eigenvalues of any self-adjoint or Hermetian operator are real.

2. The eigenfunctions of any self-adjoint or Hermetian operator defined over a region a <x <
b form an orthogonal set over that region.

3. The eigenfunctions form a complete set if the vector space has a fininte number of
dimensions as in an n x n matrix.

4. The Sturm-Liouville operator has a complete set of eigenfunctions over an infinite-
dimensional vector space.

The notion of orthogonal functions is an extension of the notions of inner products and
orthogonality for vectors. For functions, the inner product is defined in terms of the integral in

equation [103]. If we have a set of functions, fi(x) defined on an interval a < x < b, are orthogonal
over that interval if the following relationship holds.

b
(. ;)= 7 (0 f, (0 p(x)dx = 3,8, [106]

We can define a set of orthonormal functions by the following equation.
(£, f,) j £ (), (X) p(x)dx = 5 [107]

Any set of orthogonal functions gi(x) can be converted to a set of orthonormal functions fi(x) by
dividing by the square root of the inner product, (gi,gi), which we can also write as the two norm,
[lgil|2. If we understand that we are always using the two-norm, we can drop the subscript and
write this more simply as [|gi||.

0.00_ 000 _ a0
gi irJi 8 *
ol V@) \/j 0, (09, () pO)dx

fi (X) =

[108]

Eigenfunction expansions

If we have a complete set of eigenfunctions in a region a < X < b we can expand any other
function, f(x), in that region by the following equation.



Introduction to orthogonal eigenfunction expansions October 10, 2017 Page 26

f(x)=>a,y,(x [109]
m=0

We can derive a simple expression for the coefficients in this equation if the eigenfunctions are
orthogonal. If we multiply both sides of this equation by p(x)yn(x) and integrate between x = a and
X = b, we obtain the following result.

b b o 0 b
[ POYY, ) F YA = [ pO)Y, (0D 8, Y ()X =D, [ PO)Y, ()Y, ()X [110]
a a m=0 m=0 a
We can rewrite these integrals using the inner product notation.
(Y F)=2 a0 (Y0, V) [111]
m=0
Since the ym form an orthogonal set, the only nonzero term in the summation on the right is the

one for which n = m. All other inner products are zero because of orthgonality. Thus we have a
simple equation to solve for am after setting n = m everywhere in the equation.

[ POV () f ()dx

Vo f) ~ Ve )

VoY) [y Tp(x)ym(x)ym(x)dx

m

[112]

If we have an orthonormal set, the denominator of the am equation is one.

The most common eigenfunction expansions are the Fourier series of sines and cosines. These
functions are solutions of a Sturm Liouville differential equation defined by equations [97] and
[98]. To see this we consider the differential equation d2y/dx? + w2y defined over 0 < x < 1, with
y(0) = 0 and y(1) = 0. This is a Sturm-Liouville equation with r(x) = p(x) =1, A = ®?, and q(x) = 0.
The boundary conditions satisfy equation [98] with ki = {1 = 1and k2 = £2 = 0. The set of functions
ym = sin(omX) = sin(mnx), where m is any integer, satisfied both the differential equation and the
boundary conditions. (You can show this by substitution into the differential equation. You
should be able to say why the cosine will not be a solution to this problem.)

The solutions are orthogonal, but we cannot tell if they are orthonormal unless find the norm of a
function. This requires the following integral for the norm. (Note that p(x) was equal to one in our
problem definition so it does not appear in the inner product.) The resulting integral is evaluated
using integral tables for indefinite integral of sin?(ax).

1 {mﬂx_sin(Zmﬂx)}l 1

= [113]
mr| 2 4 0 2

1
[Yal = (Y ¥ ) = [ sin? (mycx =
0

Thus, for this set of functions, the coefficients in an eigenfunction expansion are computed from
the following modification of equation [112].
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o = Unf)_(n f)_ Zjl'sin(mﬂx) f (x)dx [114]

T el @

For example, we can expand the simple function f(x) = c, a constant, using the following
coefficients.

b
a = stin(mnx)cdx = ﬁ[— cos(max)f, = E[l— cos(mz)] [115]
mz mz

The term 1 — cos(mm) = 0 if m is even and 2 if m is odd. We can thus write the am coefficients for
this expansion as follows.

0 m even
=12 odd (116}
mz

In this case, our eigenfunction expansion in equation [109] becomes
- > 4c .
f)=c=>a,y,(x)= >, ——sin(mm) [117]
m=0 m=135 M7

We see that we can divide by c and obtain the following expression.

[118]

_i < S|n(m7zx)
s

m=1,3,5,..

The partial sums of this series for a small number of terms are shown in the figure below.
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Orthogonal Sine Series for f(x) =1

1.4

12 —|

/ \/ \ —1 term

08 k1 - . 2 terms

/ /’ \\ \ 3terms
0.6 - - 5terms
// \\ =10 terms
04 M :
AN/ A\

Series sum

We see that, as we take additional terms, the series converges to the value of f(x) = 1, but there
are continued oscillations about this point. In addition, at the boundaries of x =0 and x = 1, the
series sum is zero.

Bessel’s equation as a Sturm-Liouville problem and its eigenfunction expansions

We can show that Bessel's equation [36] is a Sturm-Liouville equation. We multiply equation [36]
by x2 and define a new variable, z = x/k such that dy/dz = (1/k)dy/dz and (1/k?)d2y/dz2. We can
the rewrite equation [36] in terms of z. If we divide the result by z, we obtain.

1 1 d?y 1dy d?y dy %
Zl(k2)? S —L+kz=—ZL+k?2? v )y |=z—+ 2 +| ——+k’z|y=0 [119
z{( P e g )y} iz’ dz |z =0 1l

However, since we started with an equation for y as a function of x in equation [36] and we have
not changed this, we could formally write y = y(x) = y(kz) in equation [119] and below in equation
[120]. Since zd?y/dz? + dy/dz can be written* as d[z dy/dz]/dz, we can reduce equation [119] to
the Sturm Liouville form of equation [97] as follows.

2 2 2
,d7y +ﬂ+(_"_+k2z]y:di(zﬂj+(—v—+kzzjy=di(rﬂJ+(q+/lz)y:0

dz? dz z z z\ dz
[120]

4You can show that this is correct by applying the rule for differentiation of products to d[z dy/dz]/dz.
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We see that Bessel’s equation has the following definitions of the functions r, q, and p, and the
eigenvalue A, in the Sturm-Liouville equation: r =z, g = -n%/z, p = z, and A = k2.

If we consider the case of integer v = n over a region 0 < z < R the general solution of Bessel’s
equation, remembering that we now have y(kz) as our dependent variable, is a linear combination
of Jn(kz) and Yn(kz). However, Yn(kz) approaches infinity as z approaches zero. Thus, Yn(kz)
cannot be part of our general solution when we include z = 0. If the boundary condition at z=R
is Y(kR) = 0, we must select k to satisfy this equation. It turns out that there are an infinite
number of values that we can select for which kR = 0. There are known as the zeros of the
Bessel function. (See the plots of the Bessel function above that show the initial locations at
which the first few Bessel functions are zero.)

For convenience, we define amn and kmn as follows.
Jo(@m) =3, (k,,R)=0 Ko = [121]

The values of amn, called the zeros of Jn, are the values of the argument of J, for which Jn is zero.
There are an infinite of values, amn, for which Jn(amn) = 0. Note the two subscripts for amn; m is an
eigenfunction-counting index that ranges from one to infinity. Do not confuse this eigenfunction
index with the index, n, for Jn. The index for Jn is set by the appearance of n in the original
differential equation. Thus our set of eigenfunctions, for fixed n, will be Jn(k1nz), In(k2nz), Jn(k3nz),
Jn(kanz), etc.

This set of functions, Jn(kmnz) is orthogonal, since it is a solution to a Sturm-Liouville problem.
The orthogonality condition satisfied by these functions is defined from equation [106] with a
weighting function, p(z) = z, as discussed in the paragraph following equation [120]. Applying
equation [106] to this problem we have the interval from 0 to R (in place of a to b) and we have a
real function so we do not have to consider the complex conjugate. This gives the following
orthogonality condition.

R
(fm ' fO ) = (J n (kngZ)’ J n (kOan)) = J- J n (kngZ)J n (kODZZ)ZdZ = am5m0 [122]
0

We can apply the usual equation for an eigenfunction expansion from [109] to this set of Bessel
functions.

(@)=Y a,yn(@) = a,d, (k) 123
m=1 m=1

If we multiply both sides of this equation by zJn(konz)dz and integrate from 0 to R we obtain the
following result.

R

0 R R
[ 1(2)3, (k)22 = 2, [ 3, (K 2)J, (Koy2) 2z = &, [ 32 (K, 2) 2012 [123]
m=1 0 0

0
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In the final step we use the orthogonality relationship which makes all terms in the sum, except
for the term in which m = o, zero. We can use an integral table to evaluate the normalization
integral.®

212
R%J; 2(k0nz) 124

R
[ 32 (kyp2)2dz =
0

Combining equations [123] and [124] and using m in place of o as the coefficient subscript gives
the following result for the eigenfunction expansion coefficients.

R
a j f(2)d, (k. z)zdz [123]
m R J (k 0 n mn
Although this seems like an unlikely choice of eigenfunctions with which to expand an arbitrary
f(x), we will see that such expansions become important in the consideration of partial differential
equations in cylindrical geometries.

Summary of these notes

We have developed the background to solve the Sturm-Liouville problem from several general
cases by developing the tools of power series solutions and Frobenius method. We showed the
details of how one applies Frobenius method to the solution of Bessel's equation. The Kreyszig
text covers other applications of this method.

We discussed the Sturm-Liouville problem. We noted that this problem was defined by the
differential equation and boundary conditions in equations [97] and [98] that are copied below.

d dy _
d—x(r(x) &} [+ Ap()ly =0 97

In the boundary conditions below, at least one of the two constants ki and k: is not zero.
Similarly, at least one of the two constants £1 and {2 is not zero. It is also possible to have
periodic boundary conditions. These are discussed by Kreyszig.

d d
kly(a)+k2d—i -0 and Kly(b)+£2d—§ -0 (98]

x=a x=b

We noted that the Sturm-Liouville problem was an example of a Hermetian or self-adjoint
operator. This operator for functions had properties similar to a Hermetian matrix, which could
also be regarded as a Hermetian operator. We listed the following important results for
Hermetian (or self-adjoint) operators in general and for the Sturm-Liouville operator in particular:

5 The general form of this integral, which is found by integration by parts followed by substitution of Bessel's
equation, is shown below.

T 3, (e = (Xz —V—jij(zx) + X[Mj
a 2 A d(x) ) |
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1. The eigenvalues of any self-adjoint or Hermetian operator are real.

2. The eigenfunctions of any self-adjoint or Hermetian operator defined over a region a < x <
b form an orthogonal set over that region.

3. The eigenfunctions form a complete set if the vector space has a finite number of
dimensions as in an n x n matrix.

4. The Sturm-Liouville operator has a complete set of eigenfunctions over an infinite-
dimensional vector space.

For functions, the inner product is defined in terms of the integral in equation [103]. This
definition includes a weight function, p(x), which may be 1. The orthogonality condition for
functions was given in equation [106], which is copied below.

f f :b £7(x) f(X) p(x)dx = a,5; [106]
(F f1)=[ 700,

If we had an orthonormal set of functions, then the value of a; in the previous equation would be
one.

Because the eigenfunctions of the Sturm-Liouville problem form a complete orthogonal set, we
can expand any function in the region in which the Sturm-Liouville problem is defined in terms of
these eigenfunctions. Equation [109] gives this general eigenfunction expansion by the following

equation f(x)= Zam Y., (X), where the coefficients am are given by equation [112] copied

m=0
below.

[ ()Y 00 F (x)dx

Voo ) (Y ) _

(ym7 ym) ”ym ”2 'T p(x) Y (X) Y (X)dX

[112]

m
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Appendix

The various sections in this appendix contain background material on the topics covered in these
notes.

Appendix A — Power Series (Taylor Series)

Power series or Taylor series are important tools both in theoretical analysis and in numerical
analysis. Recall that the Taylor series for a function of one variable, f(x), expanded about some
point, X = a, is given by the infinite series,

1d3f
X-a)® +=
:a( ) x|,

1d°f

o al (x-a)’+... [A-]

f(x)=f(a) +ﬂ (x—2a)
dx

X=a

The “x = a” subscript on the derivatives reinforces the fact that these derivatives are evaluated at
the expansion point, x = a. We can write the infinite series using a summation notation as
follows:

00 = Z1o|f

1 de (X-a)” [A-2]

In the equation above, we use the definitions of 0! = 1! = 1 and the definition of the zeroth
derivative as the function itself. l.e., d%f/dx%|x=a = f(a).

If the series is truncated after some finite number of terms, say m terms, the omitted terms are
called the remainder in mathematical analysis and the truncation error in numerical analysis.
These omitted terms are also an infinite series. This is illustrated below.

1d"f N * 1d"f N
f(x)= Zn'd (x-a)" + e (x-a)

Termsused + Truncatlon error

(A-3]

In this equation, the second sum represents the remainder or truncation error, em, when only m
terms are used in the partial sum for the series.

= 1d
=S ve

(x-a)" [A-4]

X=a

The theorem of the mean can be used to show that the infinite-series truncation error can be
expressed in terms of the first term in the truncation error, that is

1 dm+l.l:

- s v _ m+1 _
fn = (m+D! dx™* (x-2) [A-5]

x=¢

Here the subscript, “x = £”, on the derivative indicates that this derivative is no longer evaluated at
the known point x = a, but is to be evaluated at x = £, an unknown point between x and a. Thus,
the price we pay for reducing the infinite series for the truncation error to a single term is that we
lose the certainty about the point where the derivative is evaluated. In principle, this would allow
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us to compute a bound on the error by finding the value of ¢, between x and a, that made the
error computed by equation [A-5] a maximum. In practice, we do not usually know the exact
functional form, f(x), let alone its (m+1)™ derivative. The main result provided by equation [A-5]
for use in numerical analysis is that the remainder (or truncation error) depends on the step size,
X — a, raised to the power m+1, where m is the number of terms in the partial sum.

In the above discussion, we have not considered whether the series will actually represent the
function. A series is said to be convergent in a certain region, a = R, called the convergence
interval, if we can find a certain number of terms, m, such that the remainder is less than any
positive value of a small quantity . The half-width of the region, R, is called the radius of
convergence. A real function, f(x), is called analytic, at a point x = a, if it can be represented by
a power series in X — a, with a radius of convergence, R > 0.

For simplicity, we can represent the coefficient in a Taylor series as a single coefficient, bn. This
definition and the resulting form for the power series are shown below.

id“f
n! dx"

X=a

h =

so that F(x)= b, (x-a)" A-6]

We have the following results for operations on power series. Consider two series,

f(x)= an(x -a)"and g(x) = ch(x -a)" . The sum of the two series is

F(X)+9(x) = 3 (b, +¢,)(x-a)" A7)

The product of the two series requires a double summation.

9900 = 30, 0x-)" | S, (- |- 33 0, (x-a'e, (e-a)”

n=0 m=0 [A-8]
= by,c, + (b,C, +0,¢,)(x-a) + (b,C, + b, +b,c,)(X -a)?

We can differentiate a series term by term.

df (x)
dx

=inbn(x-a)”’l d* f(x) z (n—Db, (x-a)"? [A-9]

Appendix B — Factorials

In the discussion above, we have introduced the concept of the factorial of a number. This is
defined as follows.

nl=n(n-1)(n-2)---(3)(2)(D)
From this definition, we can see that 2! = (2)(1) = 2; 3! = (3)(2)(1) = 6; 4! = (4)(3)(2)(1) = 24. We

see that higher factorials can be computed in terms of smaller factorials. The examples above
show that 4! = 4(3!) and 3! = 3(2!). In general, we can write that
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n!
n'=n(n-1)! or (n=-D'=—
n
From this definition, we can see what the values for 1! and 0! are.

| |
n-n=" o l'=(2—1)!=%=1 and Ol=(1-1)l===1
n

R

We also notice that when we have ratios of similar factorials we can reduce them as follows.

(n+2)! _ (n+2)(n+1)! _ (n+2)(n+)n!

=(n+2)(n+1)
n! n! n!
Appendix C — Gamma Functions
The gamma function, I'(x) is defined by the following integral.
I'(x) = j e 'ttt [C-1]
0

In this definition, t is a dummy variable of integration and the argument of the gamma function, X,
appears only in the term 1. The gamma function can be shown to be a generalization of
factorials. To do this we use equation [C-1] to evaluate I'(x+1). To do this, we simply replace x
by x + 1 everywhere in that equation and integrate by parts to obtain

o0

et

0 [C-2]
J' udv.  =uv - J'vdu

D(x+1) = [e"t"* dt = [t"d(-e ™) =—e"'t"
0 0

If we restrict the value of x to be greater than zero, the term e't* vanishes at both the upper and
lower limit. (At the upper limit, we have to apply I'Hopital’s rule to get this result.) The d(t¥) term
in the integral is simply xt*1dt and when we perform this differentiation we see that the resulting
integral is simply xI"(x).

C(x+1)=-e"t"

w7 —t X\ _ T —tex-14¢

D et M) =0-x[-etttdt = xr(x) [C-3]
0 0

The gamma function for an argument of 1 is particularly simple to compute.

r(1) = [etdt = [edt = - e-‘\: =—(0-1) =1 [C-4]
0 0

We can apply equation [C-3] to this result to obtain the value of the gamma function for 2, 3, and

4 as follows.
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Q) =r@+)=1r@) =1 rE=rR+H)=22)=2 (4 =r@3+1)=3r3)=6
[C-5]

We see that the general result of equation [C-5] is
I'(n+1)=nl(n)=n! [C-6]
We can apply equation [C-3] and the result that I'(1) = 1 to compute I'(0).

_ I'(x+1)

I'(x+1) = x1'(x) = I'(x) sothat I'(0) —» o [C-7]

Extending this relationship to negative integers tells us that the value of the gamma function for
negative integers is infinite. However, the value of the gamma function for and noninteger
number, including negative ones, may be found from equation [C-3], once the values of the
gamma function are known in the interval between zero and one. Numerical methods are
generally required to find these noninteger values of the gamma function. One exception to this
is the value of the gamma function of one-half that can be found by contour integration in the
complex plane. The result of such integration is

F(lj =z [C-8]

Note that we can use equation [C-3] to get other values of the gamma function such as the

following.
r(g) _ % r@j _ # r(— 1) NP [C-9]



